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E-mail address: farouk_benmeddour@yahoo.fr (F.A three dimensional (3D) hybrid method combining the classical ﬁnite element (FE) method with the
semi-analytical ﬁnite element (SAFE) technique is developed. This hybrid method is employed to study
the interaction of guided waves with non-axisymmetric damages in cylinders. The near ﬁeld surrounding
the damage is analysed with the 3D FE method. The solution is expanded into sums of guided modes on
both inlet and outlet cross-sections. Such eigenmode expansions enable separation into ingoing and out-
going waves, i.e., incident, reﬂected and transmitted waves. Using the SAFE method, elastic guided modes
are then computed at the aforementioned cross-sections thus reducing the analysis to two dimensions
(2D). The amplitudes of the incident modes are imposed, whereas those of the scattered modes are deter-
mined by solving the global system of the 3D hybrid FE-SAFE model. In this paper, a formula is proposed
for the calculation of eigenforces and modal power ﬂows from eigendisplacements and SAFE matrices.
This has the advantage of simplifying the post-process of load eigenvectors in hybrid FE-SAFE methods.
Results obtained for a vertical free-end cylinder are in good agreement with those published in the liter-
ature. Moreover, ﬁrst results of the interaction of the fundamental compressional, ﬂexural and torsional
Pochhammer–Chree modes with non-axisymmetric vertical cracks are obtained and discussed. Then, the
interactions of the fundamental compressional mode with oblique free-ends and cracks are brieﬂy
addressed. The power balance is shown to be satisﬁed with a good accuracy.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Non-destructive testing (NDT) techniques using guided ultra-
sonic waves constitute viable inspection means for tubes, pipes
and plates owing to their potential to carry out energy over long
distances and their sensitivity to internal damages. Nevertheless,
the interaction of such waves with damages is complex since elas-
tic guided waves are multi-modal and dispersive. This highlights
the essential role of modeling techniques in providing a better
understanding of and a deeper insight into the nature of phenom-
ena arising from scattering problems.
Various analytical approaches have been proposed in the litera-
ture. For instance, one can cite quasi-static approximations based
on the S-parameter formalism for plates (Auld, 1973) and tubes
(Ditri, 1994), and modal decomposition methods recently
developed for plates (Le Clézio et al., 2002; Castaings et al., 2002;
Demma et al., 2003; Shkerdin and Glorieux, 2004, 2005). Such
methods are fast from a computational point of view but
generally limited to simple geometries with horizontal or vertical
discontinuities.ll rights reserved.
Benmeddour).Fully numerical approaches based on transient ﬁnite element
(FE) analyses have been conducted for plates (Alleyne and Cawley,
1992; Lowe and Diligent, 2002; Benmeddour et al., 2008a,b) and
pipes (Lowe et al., 1998; Demma et al., 2004; Ma et al., 2006).
The main advantage of these approaches is that complex-shaped
waveguides or damages can be handled with standard FE codes.
However, transient FE models are time consuming, which often
limits their practical use to two-dimensional problems and short
propagation distances. Besides, a modal post-processing step in
the frequency domain must be performed, which requires an a pri-
ori knowledge of guided modes. Recently, Gunawan and Hirose
(2004) have developed a mode-exciting method to analyse the
interaction of Lamb waves with defects. The originality of their
work is in the analysis of a ﬁnite plate model using a standard FE
or boundary element (BE) method software with a time-harmonic
regime. However, in addition to the a priori knowledge of guided
modes, their analysis requires a great number of computations at
high frequencies. Moreau et al. (2006) and Predoi et al. (2008) have
used an existing FE software with absorbing regions at the edge of
plates. Harmonic FE solutions have been post-processed with the
help of a general orthogonality relation.
Hybrid approaches, combining a FE method and the so-called
normal mode expansion technique have been developed for study-
ing wave scattering by damages in plates (Karunasena et al., 1991,
Fig. 1. Description of the problem in the case of a damaged volume located
between two semi-inﬁnite waveguides (2D representation).
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performing a modal decomposition both at the inlet and outlet of a
waveguide FE model. It can then be limited to a small region sur-
rounding the damage. The modal decomposition is performed by
virtue of analytical solutions for the guided modes of the consid-
ered structure. The scattered solution is computed for each fre-
quency and directly yields the coefﬁcients of scattered modes
without any post-processing. The same procedure based on a BE
method has also been applied by Zhao and Rose (2003).
In the literature, analytical solutions for guided modes, limited
to simple cross-section geometries, have been replaced in several
occasions by the semi-analytical ﬁnite element (SAFE) technique
(see e.g. Lagasse, 1973; Gavric´, 1995; Hladky-Hennion, 1996,
1997; Damljanovic´ and Weaver, 2004; Hayashi et al., 2003,
2006). This has given rise to the so-called hybrid FE-SAFE and
BE-SAFE methods capable of handling arbitrary cross-sections with
complex-shaped damages. The former has been successfully ap-
plied to two-dimensional geometries such as plates (Karunasena
et al., 1995; Datta et al., 1999) and cylinders (Rattanawangchroen
et al., 1997; Zhuang et al., 1997), and so has been the latter for
plates (Galán and Abascal, 2003, 2005). It is noteworthy that the
periodic FE method can be seen as an alternative for the SAFE
method when dealing with arbitrary cross-sections, as proposed
by Zhou et al. (2009) for the study of thin pipes with non-axisym-
metric damages. In a mathematical framework, a Dirichlet-to-Neu-
mann approach has also recently been proposed for isotropic
plates (Baronian et al., 2010) based on a mixed formulation and
biorthogonality relation.
The aim of this work is to study the interaction of guided waves
with non-axisymmetric cracks in inﬁnite circular cylinders. Such a
study requires a three dimensional (3D) formulation. To this end, a
general 3D hybrid FE-SAFE procedure is developed in Section 2. The
3D variational formulation of elastodynamics is ﬁrst recalled. A
modal expansion is applied at the cross-section boundaries of the
waveguide, which enables the separation between ingoing and
outgoing modes. Eigenmodes are computed using the SAFE tech-
nique. A formula is proposed for the direct calculation of eigenforc-
es from SAFE matrices. For hybrid FE-SAFE methods, this may
greatly simplify the post-process of consistent load eigenvectors,
usually performed from displacement derivatives. In the same
way, expressions for power reﬂection and transmission coefﬁcients
are also presented. This paves the way for the implementation of
hybrid FE-SAFE methods inside standard FE softwares.
Section 3 deals with the interaction of the fundamental Poch-
hammer–Chree modes with a free-end and non-axisymmetric ver-
tical cracks inside circular isotropic cylinders. For the free-end
cylinder, the obtained results are in good agreement with those al-
ready published in the literature. For non-axisymmetric vertical
cracks, the results of their interaction with the fundamental guided
modes are obtained and discussed. It should be noted that some of
the analytical approaches mentioned earlier could also be used for
this kind of discontinuities. However, to the authors’ knowledge,
vertical cracks inside cylinders have surprisingly not received a
great attention in the literature.
Finally, the case of oblique discontinuities is brieﬂy studied in
Section 4 where different inclination angles are analysed. Results
are compared with those obtained for vertical discontinuities.2. Hybrid FE-SAFE method
2.1. General description of the problem
Fig. 1 depicts a damage located inside an arbitrary volume V. This
volume is connected to two semi-inﬁnite waveguides of arbitrary
cross-sections.Thesewaveguidesaresituatedonthe left (L) andright(R)of the interiorregion(I)of thevolumeV. Eachcross-sectionhasthe
same uniform geometry along the propagation direction. Incident
waves are launched fromthe leftwaveguide in the positive direction
(+). Then, reﬂected waves from the damage travel in the negative
direction (). Transmitted waves in the right waveguide propagate
in the positive direction. The interior region is connected to the left
and right waveguides through boundaries denoted SL and SR,
respectively. The whole volume V is bounded by SL and SR and by a
traction free boundary, denoted SI.
2.2. Finite element formulation for the interior region
For the volume V, a standard FE method with a time harmonic
regime is used. The application of virtual works to the equation
of motion governing elastodynamics gives, after dropping the time
dependence ejxt, the following variational formulation:Z
V
dTrdV x2
Z
V
qduTudV 
Z
S
duTtdS ¼ 0; ð1Þ
where S = SL [ SI [ SR is the boundary surrounding the volume V, d()
denotes virtual ﬁelds,x is the angular frequency and q is the mate-
rial density. u = [ux uy uz]T is the vector of time harmonic displace-
ments, where x, y and z are cartesian coordinates and the
superscript T denotes transpose,  = [xx yy zz 2xy 2xz 2yz]T is
the strain vector and r = [rxx ryy rzz rxy rxz ryz]T is the stress vec-
tor. The stress–strain relationship is given by r = C , C is the elastic
coefﬁcient matrix. t = [tx ty tz]T represents the external traction de-
ﬁned from: ti = rijnj (i, j = x,y,z), where n = [nx ny nz]T is the outward
normal to the surface S.
The FE discretisation of the volume V leads to an approximation
of the displacement ﬁeld u based on the use of interpolating func-
tions. For a given element e, the approximation of displacement is
u = Ne Ue, where Ne is the matrix of nodal interpolating polynomi-
als and Ue is the vector of nodal displacements of the element.
Assembling elementary matrices into global ones, Eq. (1) ﬁnally
yields:
dUTðKx2MÞU dUTf ¼ 0; ð2Þ
where U is the vector of degrees of freedom (dofs) of displacement,
K and M are the global stiffness and mass matrices, respectively,
and f represents a vector of external time harmonic forces.
In this study, interior forces are not considered. The above dis-
cretised variational formulation can be partitioned as follows:
dUL
dUI
dUR
8><
>:
9>=
>;
T DLL DLI DLR
DIL DII DIR
DRL DRI DRR
2
664
3
775
UL
UI
UR
8><
>:
9>=
>;
dUL
dUI
dUR
8><
>:
9>=
>;
T fL
0
fR
8><
>:
9>=
>; ¼ 0; ð3Þ
where UL, UI and UR respectively denote the left, interior and right
displacement dofs. Dij = Kij x2Mij (i, j = L, I,R) are the associated
partitions.
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On SL and SR, displacements and forces are expanded into sums
of modes. On SL, the sum is decomposed into ingoing (+) and out-
going () modes. On SR, only the outgoing (+) modes are taken
into account which enforces the coefﬁcients of ingoing () modes
to zero giving rise to a transparent boundary condition. For prop-
agating modes, the traveling direction is determined from the
sign of the energy velocity, whereas for non-propagating modes
it is determined from the sign of the imaginary part of the wave
number.
Displacements and forces on the left and right sections are then
given by
UL ¼
XNþL
n¼1
aþLnU
þ
Ln þ
XNL
n¼1
aLnU

Ln;
fL ¼
XNþL
n¼1
aþLnf
þ
Ln þ
XNL
n¼1
aLnf

Ln;
ð4Þ
and
UR ¼
XNþR
n¼1
aþRnU
þ
Rn;
fR ¼
XNþR
n¼1
aþRnf
þ
Rn;
ð5Þ
where n denotes the mode number, NL and N
þ
R are the number of
modes considered in the expansions. aLn n ¼ 1; . . . ;NL
 
and
aþRn n ¼ 1; . . . ;NþR
 
are the left and right displacement modal ampli-
tudes, respectively. From a theoretical point of view, NL and N
þ
R
should tend to inﬁnity. However, in practice, series are truncated
by retaining the less attenuated modes. All the propagating and
only some of the non-propagating modes are taken into account.
The choice of the number of these non-propagating modes is based
on their attenuations, which are related to the imaginary part of the
wavenumber.
Eqs. (4) and (5) can be transformed into products of matrices.
For the left section, coefﬁcients of positive-going modes are im-
posed so that daþLn ¼ 0. Displacements, forces and virtual displace-
ments can then be expressed as
UL ¼ BþL aþL þ BL aL ; UR ¼ BþR aþR ;
fL ¼ TþL aþL þ TL aL ; fR ¼ TþRaþR ;
dUL ¼ daL TBL T ; dUR ¼ daþR TBþR
T
;
ð6Þ
with the following notations:
aL ¼ aL1aL2 . . .aLNL
h iT
;
BL ¼ UL1UL2 . . .ULNL
h i
;
TL ¼ fL1fL2 . . . fLNL
h i
;
ð7Þ
aL denotes column vectors of the amplitudes of positive and nega-
tive going modes of the left section. BL deﬁnes displacement modal
bases. TL denote modal bases of forces f

Ln. B
þ
R ; T
þ
R and a
þ
R are deﬁned
in the same way by replacing the subscripts L with R.
With the help of Eqs. (6), dU can be rewritten as
hdULdUIdURi ¼ daL dUIdaþR
  BL T 0 0
0 I 0
0 0 Bþ
T
R
2
64
3
75; ð8Þ
where I is the identity matrix.For any trial ﬁeld daL ; dUI and da
þ
R , the substitution of Eqs. (6)
and (8) into Eq. (3) yields after rearrangements the following linear
global system:
B
T
L 0 0
0 I 0
0 0 Bþ
T
R
2
64
3
75
DLL DLI DLR
DIL DII DIR
DRL DRI DRR
2
64
3
75
BL 0 0
0 I 0
0 0 BþR
2
64
3
75
TL 0 0
0 0 0
0 0 TþR
2
64
3
75
0
B@
1
CA

aL
UI
aþR
8><
>:
9>=
>;¼
B
T
L 0 0
0 I 0
0 0 Bþ
T
R
2
64
3
75
DLL DLI DLR
DIL DII DIR
DRL DRI DRR
2
64
3
75
BþL
0
0
2
64
3
75
TþL
0
0
2
64
3
75
0
B@
1
CAaþL :
ð9Þ
The unknown vectors aL ;UI and a
þ
R are found by solving the above
linear system at each frequency. If only the left semi-inﬁnite wave-
guide is present, the system given by Eq. (9) is modiﬁed by remov-
ing the third row and column from matrices and the third element
from vectors. The right cross-section surface, in this case, is traction
free.
Modal bases of displacements and forces are needed. In this pa-
per, they are obtained by using a SAFE technique, which is ex-
plained in the next subsection.
2.4. Semi-analytical ﬁnite element formulation
The SAFE method is used in order to determine the elastic
guided modes for the left and right cross-sections of the interior re-
gion. This technique reduces the analysis of three dimensional
waveguides to two dimensions by using a spatial Fourier transform
along the propagation direction (u(x,y,z) = u(x,y)e+jkz, where k is
the wavenumber and z is the propagation direction). Therefore,
only the cross-sections have to be meshed, which allows a fast
and accurate computation of eigenmodes (wavenumbers and
modeshapes) for any arbitrary cross-section.
The SAFE variational formulation can be written as
dU K1 x2MS  jk K2  KT2
 
þ k2K3
 
U ¼ 0; ð10Þ
obtained from the following elementary matrices:
Ke1 ¼
Z
Se
BT1CB1dS; K
e
3 ¼
Z
Se
BT2CB2dS;
Ke2 ¼
Z
Se
BT2CB1dS; M
e
S ¼
Z
Se
qNeTNedS;
where B1 ¼ LxNe;x þ LyNe;y and B2 = LzNe (Ne;x and Ne;y are the differen-
tiation of the interpolation functions with respect to x and y, respec-
tively). In the above equation, when the left (right) section is
considered, U and S would designate UL (UR) and SL (SR). Lx, Ly and
Lz are deﬁned as follows:
Lx ¼
1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
0 0 0
2
666666664
3
777777775
; Ly ¼
0 0 0
0 1 0
0 0 0
1 0 0
0 0 0
0 0 1
2
666666664
3
777777775
; Lz ¼
0 0 0
0 0 0
0 0 1
0 0 0
1 0 0
0 1 0
2
666666664
3
777777775
: ð11Þ
For more details, the reader can refer to Hayashi et al. (2003) for
instance.
By ﬁxing the angular frequency x and ﬁnding the wavenumber
k, Eq. (10) leads to a quadratic eigenvalue problem. This eigenprob-
lem can be linearized (see e.g. Tisseur and Meerbergen, 2001). The
resolution of this system for the left (right) cross-section gives
wavenumbers kLn (kRn) and modeshapes ULn (URn). The separation
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modal bases BL;R used in the previous subsection.
The next step is to determine the modal bases of forces TL;R. The
idea is to derive forces directly from SAFE matrices. For clarity, let
us ﬁrst consider the right cross-section. From the third left integral
of Eq. (1) and the application of normal mode expansions, forces on
the right section can be rewritten as
dUTRfR ¼
Z
SR
duT
XNþR
n¼1
aþRnt
þ
Rn
0
@
1
AdS: ð12Þ
For one element e of surface SeR; du
T ¼ dUeTNeT . Besides, following
the same approach as in Treyssède (2008) for computing the energy
velocity, it can be veriﬁed that tþRn ¼ LTzrþRn ¼ LTzC B1 þ jkþRnB2
 
UþeRn .
The substitution of this expression into Eq. (12) yields:
dUTRfR ¼ dUTR
XNþR
n¼1
aþRn K2 þ jkþRnK3
 
UþRn: ð13Þ
The above result deﬁnes explicitly the forces fþRn, involved inside the
modal basis TþR of the previous subsection, as
fþRn ¼ K2 þ jkþRnK3
 
UþRn; ð14Þ
where K2 and K3 are the SAFE matrices associated with the right
section. Following the same approach for the left section, the same
kind of expression is obtained for the left forces fLn:
fLn ¼ K2 þ jkLnK3
 
ULn; ð15Þ
where K2 and K3 are the SAFE matrices now associated with the left
section.
Once the displacement modal bases are obtained, the calcula-
tion of modal bases TL and T
þ
R is then direct from Eqs. (14) and
(15) and consistent with the used FE approximation. For hybrid
FE-SAFE methods, this may simplify greatly the tedious post-pro-
cess of consistent loads based on displacement derivatives associ-
ated with each mode.
2.5. Power coefﬁcients
The deﬁnition of the power ﬂow through a surface S (S = SL or SR)
is given by
P ¼
Z
S
P  ndS; ð16Þ
where Pi ¼ rij _uj is the Poynting vector and the bar denotes time
averaging. This yields:
P ¼ jx
4
Z
S
ðuTt uTtÞdS: ð17Þ
The power of one single mode n, denoted Pnn, can then be directly
obtained from:Fig. 2. Description of a vertical non-axisymmetric cPnn ¼ janj2x2 I U
T
n fn
 
; ð18Þ
I designates the imaginary part.
For conciseness of notations, the subscripts L and R are omitted
as well as superscripts ±. However, one should be careful with such
a deﬁnition when checking energy conservation in computations
involving ﬂexural modes. Auld’s orthogonality relationship (Auld,
1973) states that:
km  kn
 
Pmn ¼ 0; ð19Þ
with
Pmn ¼ jx4
Z
S
uTm tn  uTntm
 
dS: ð20Þ
Eq. (19) shows that mode orthogonality Pmn = 0 holds for km–k

n.
Double roots km ¼ kn typically occur for ﬂexural modes in cylinders.
Thus, the power of a superposition of two ﬂexural modes m and n
might not be equal to the sum of their individual powers (Gunawan
and Hirose, 2004). In such a case, the power ﬂow P0mn of such modes
ought to be calculated as follows:
P0mn ¼
x
2
I
am
an
 	T
UmUn½ T fmfn½ 
am
an
 	 !
: ð21Þ
Hence, P0mn represents the total power associated with the couple of
modes (m,n).
Finally, the power reﬂection and transmission coefﬁcients are
computed by dividing the reﬂected and transmitted powers by
the incident power, respectively:
Rmn ¼ P

Ln
PþLm
; Tmn ¼ P
þ
Rn
PþLm
; ð22Þ
where m is the incident mode, n is the reﬂected or transmitted
mode, and PþLm; P

Ln and P
þ
Rn are computed with Eq. (18) (or Eq. (21)
for ﬂexural modes).
3. Numerical results for vertical discontinuities
This section gives a detailed study of the interaction of funda-
mental guided modes (L(0,1), T(0,1) and F(1,1)) with vertical
discontinuities.
3.1. Generalities
In the following, a steel circular cylinder with radius r is consid-
ered in simulations. The values of the Poisson coefﬁcient, the den-
sity and the Young modulus are: m = 0.25, q = 7800 kg/m3 and
E = 2  1011 Pa, respectively. The dimensionless frequency is
X ¼ x rcL where cL is the longitudinal velocity. The crack geometry
considered in this section is depicted in Fig. 2. It can be referredrack: side view (a) and cross-section view (b).
768 F. Benmeddour et al. / International Journal of Solids and Structures 48 (2011) 764–774to as a transverse notch (Mohr and Höller, 1976) characterised by
an arbitrary maximum depth d and an area located in the vertical
transverse plane at a given z.
Fig. 3(a) depicts the FE mesh used for a free-end cylinder equiv-
alent to a vertical crack of depth d = 2.0r which leads to 4128 dofs.
Fig. 3(b)–(d) represent the meshing of an inﬁnite cylinder with a
depth-variant vertical crack. The opening widths (w) of cracks is
small with respect to the wavelength considered so that its effect
can be neglected. The only crack parameter is hence the ratio dr.
The selected incident mode is launched at the left section of the
cylinder with a unit amplitude. Structures are meshed with qua-
dratic hexahedrons with 20 nodes per element. The maximum ele-
ment length is h = 0.2r yielding minðkÞh > 10, where k ¼ 2prX . The rough
criterion of h < k4 for quadratic elements is hence quite satisﬁed.
It should be emphasized that the modal expansions used at the
left and right sections also account for non-propagating modes.
This allows to set both sections relatively close to the crack thus
reducing the FE system. In SAFE computations, the searching inter-
val for the eigenmodes is IðkrÞ 2 ½5; þ5;8X. These computed
modes are all retained in the modal expansions of the hybrid meth-
od. A good accuracy is expected because the amplitudes of non-
propagating modes scattered from cracks, but not retained in the
expansions, would then be divided by at least e5 ’ 148 at cross-(a) d = 2.0r (b) d = 0
(d) d = 1.5r
Fig. 3. Meshing of a cylinder with a free-end of d = 2.0r (a) and
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Fig. 4. Dispersion curves of dimensionless energsection boundaries, which are located at z = r (see Fig. 3). This
has been further conﬁrmed by numerical tests (not shown here)
performed by changing the number of modes in the truncation.
Fig. 4 shows the dispersion curves of dimensionless energy
velocity versus dimensionless frequency obtained with the SAFE
method on one of the two identical sections. Mode labels are in
accordance with Meitzler (1961).3.2. Free-end cylinder: numerical validation
This section deals with the scattering of the L(0,1) and F(1,1)
modes from the free-end cylinder. The frequency ranges of both
modes are chosen to enable the comparison with results found in
the literature (Gregory and Gladwell, 1989; Rattanawangcharoen
et al., 1994; Taweel et al., 2000). Modal expansions are applied to
the left section while the right section and the surrounding surface
are traction free.
Fig. 5 depicts the power reﬂection coefﬁcients when the L(0,1)
mode encounters a free-end cylinder. The range of the dimension-
less frequency X is restricted to vary between 1.8 and 2.4. As ex-
pected, no mode conversions to ﬂexural modes are observed due
to the axisymmetric geometry. These results are compared with.5r (c) d = 1.0r
vertical cracks of depths of 0.5r (b), 1.0r (c) and 1.5r (d).
.5 2 2.5 3
Ω
F(3,1)
F(3,2)
F(2,3)(1,3) F(2,2)
L(0,2)
F(4,1)
L(0,3)
y velocity versus dimensionless frequency.
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Fig. 5. Power reﬂection coefﬁcients of compressional modes L(0,1) (—), L(0,2)
( ) and L(0,3) ( ) when the L(0,1) mode encounters a free-end cylinder. The
bullets (	) are results found in Gregory and Gladwell (1989).
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ment is found.
Fig. 6 shows the power reﬂection coefﬁcients when the F(1,1)
mode interacts with a free-end cylinder. The range of the dimen-
sionless frequency X, in this case, varies between 0.6 and 3.3. As
before, no mode conversions to compressional modes are ob-
served. These results compare successfully with those obtained
by Taweel et al. (2000).
The obtained results validate the modal expansion procedure at
cross-section boundaries and its implementation.
3.3. Inﬁnite cylinder: non-axisymmetric crack analysis
In this section, the scattering by non-axisymmetric damages is
analysed for vertical cracks having three different depths and for
the incident L(0,1), F(1,1) and T(0,1) modes. Modal expansions
are now applied on both the left and right sections. The surfaces
of cracks and the surrounding surface are traction free.
First, a numerical test has been performed on the cylinder with-
out cracks (d = 0). Though not presented for conciseness, results
have shown that incident modes on one side are fully transmitted
to the other side with negligible reﬂection.0.6 1.0 1.5 2.0 2.5 3.0 3.3
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Fig. 6. Power reﬂection coefﬁcients of ﬂexural modes when the F(1,1) mode
encounters a free-end cylinder. The bullets (	) are results found in Taweel et al.
(2000).It is emphasised that singularities at crack corners are not taken
into account in the FE models. However, as already found by Bai
et al. (2001) and Alleyne et al. (1998), it is expected that inaccuracy
remains only very close to the singularities without affecting the
global behaviour in the far ﬁeld and hereby, the power reﬂection
and transmission coefﬁcients. In this paper, it has been also
checked that reﬁning the mesh near the crack corner does not af-
fect the computation of reﬂection and transmission coefﬁcients.3.3.1. Compressional mode L(0,1)
Fig. 7(a) and (b) illustrate the power reﬂection (R) and transmis-
sion (T) coefﬁcients of the compressional L(0,1) mode when it
encounters a crack with the following depths: d = 0.5r, 1.0r and
1.5r. As can be seen from Fig. 7a, R is signiﬁcant except for the case
of the crack with d = 0.5r. Fig. 7b shows that T is more sensitive to
all depths including d = 0.5r. Note that the sharp changes of both
coefﬁcients coincide with the cut-off frequencies of different com-
pressional and ﬂexural modes (see Fig. 4). Moreover, as opposed to
the free-end case, the axisymmetric L(0,1) mode is converted to
ﬂexural modes due to the non-axisymmetric nature of vertical
cracks. These mode conversions are discussed in the following.0.5 1 1.5 2 2.5 3
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Fig. 7. Power reﬂection (a) and transmission (b) coefﬁcients of the compressional
mode L(0,1) when the L(0,1) mode encounters a crack with depths d = 0.5r (—),
d = 1.0r ( ) and d = 1.5r ( ).
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ﬁrst cut-off frequency of the F(1,2) mode (Xc = 1.06). R and T reveal
a monotonic variation with the crack depth over the range deﬁned
by the ﬁrst cut-off frequency (Fig. 7(a) and (b)). According to this
and due to the fact that the single L(0,1) mode can be easily
launched in this frequency range, this fundamental compressional
mode is expected to be a good candidate for experiments.
Fig. 8(a) and (b) depict the power reﬂection coefﬁcients of the
converted L(0,3) and F(1,1) modes from the incident L(0,1) mode.
The L(0,3) mode presents a signiﬁcant mode conversion above its
cut-off frequency except for d = 0.5r. In the very low frequency
range (X < 0.2), it can be observed that the sensitivity of the con-
verted F(1,1) mode is of the same order of magnitude as the re-
ﬂected L(0,1) mode (Fig. 8(b)). R and T of the converted mode
L(0,2) and T of L(0,3) are found to be insigniﬁcant in value and
are not shown for conciseness. R and T of the converted ﬂexural
modes lower than 0.12 for the whole frequency range are not
shown either. As in the free-end cylinder case, note that no mode
conversion to the torsional T(0,1) mode has been found. This might
be explained by the speciﬁcity of the T(0,1) mode, which is non-
dispersive and whose displacement ﬁeld remains in the cross-sec-
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Fig. 8. Power reﬂection coefﬁcient of the L(0,3) (a) and F(1,1) (b) modes when the
L(0,1) mode encounters a crack with depths d = 0.5r (—), d = 1.0r ( ) and d = 1.5r
( ).For these computations, it has been veriﬁed that the sum of the
power reﬂection and transmission coefﬁcients at each frequency
equals unity with a maximum error of 0.2%.
3.3.2. Torsional mode T(0,1)
Fig. 9(a) and (b) show the power reﬂection and transmission
coefﬁcients of the torsional mode T(0,1) when it encounters the
vertical cracks.
In the low-frequency range, the T(0,1) mode exhibits a mono-
tonic increase in the amplitude of the power reﬂection coefﬁcient
(and a decrease in the amplitude of the power transmission coefﬁ-
cient) with increasing crack depth. However, this behaviour is lim-
ited to a shorter frequency range in the case of the T(0,1) mode, up
to approximately X = 0.2 against X = 1 for the L(0,1) Mode. From
X = 0.2–1.0, the reﬂected T(0,1) mode appears to be less attractive
than the L(0,1) mode because of the non-monotonic variation of its
amplitude with crack depth. Under the cut-off frequency of the
F(1,2) mode, we note that the sensitivity of the T(0,1) mode is very
low for a crack depth d = 0.5r, as observed earlier for the L(0,1)
mode case.
In the frequency range 1 <X < 3, the reﬂected T(0,1) mode
turns out to be more sensitive to a crack of depth 0.5r than the0.5 1 1.5 2 2.5 3
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Fig. 9. Power reﬂection (a) and transmission (b) coefﬁcients of the torsional mode
T(0,1) when it encounters a crack with depths d = 0.5r (—), d = 1.0r ( ) and
d = 1.5r ( ).
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the incident L(0,1) mode, T is globally more sensitive than R.
Although strong local changes may occur at cut-off frequencies, a
monotonic increase of R with crack depth is found at certain fre-
quencies in [2.0,3.0].
According to the non dispersive nature of the T(0,1) mode and
since this is the only torsional mode to propagate in this frequency
range, this confers to the fundamental T(0,1) mode potential inter-
est for long-range non-destructive testing of low vertical crack
depths.
Fig. 10 depicts R of the converted ﬂexural mode F(1,1) when
T(0,1) encounters the cracks. As can be observed, R remains small
except below the cut-off frequency of the F(1,2) mode. T, being of
the same order of magnitude as R, is omitted for brevity and so are
the converted ﬂexural modes having insigniﬁcant values. No mode
conversion to the compressional modes L(0,1), L(0,2) or L(0,3) has
been found in this frequency range. For these computations, the
maximum error on the power balance is 0.07%.Ω
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Fig. 11. Power reﬂection (a) and transmission (b) coefﬁcients of the ﬂexural mode
F(1,1) when the F(1,1) mode encounters a crack with depths d = 0.5r (—), d = 1.0r
( ) and d = 1.5r ( ).3.3.3. Flexural mode F(1,1)
The ﬂexural mode F(1,1) corresponds to double eigensolutions
having the same wavenumber but modeshapes of different orien-
tations. Analytically, one mode is in cos(h), the other is in sin(h)
(h being the azimuthal coordinate in the cylindrical system). Con-
sequently, the scattering of both F(1,1) modes will be different
when non-axisymmetric cracks are considered. This can be over-
come by launching ‘‘rotating’’ F(1,1) modes, written in terms of
e±ih (instead of cos(h) or sin(h)): at a given axial position z, the dis-
placement ﬁeld of such modes is indeed time-rotating in the cross-
section so that the whole section is ‘‘scanned’’. Hence, the incident
mode F(1,1) in e±ih will be scattered identically by non-axisymmet-
ric vertical cracks. In the following results, the SAFE method gives
modes in cos(h) and sin(h) but the incident mode F(1,1) is chosen
as a linear combination cos(h) + isin(h) = eih, yielding a rotating
mode.
Fig. 11(a) and (b) show R and T of the ﬂexural mode F(1,1) when
it encounters the cracks. Their abrupt changes coincide with cut-
off frequencies as for the modes mentioned earlier. R is not very
sensitive to cracks except for the case d = 1.5r at some frequencies.
In addition, similar to the incident L(0,1) and T(0,1) modes, T is
more sensitive than R.
R of the converted ﬂexural mode F(1,2) is depicted in Fig. 12. It
is worth noting the strong reﬂection of the incident F(1,1) modeF(1,1)
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Fig. 10. Power reﬂection coefﬁcient of the ﬂexural mode F(1,1) when the T(0,1)
mode encounters a crack with depths d = 0.5r (—), d = 1.0r ( ) and d = 1.5r ( ).
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Fig. 12. Power reﬂection coefﬁcient of the ﬂexural mode F(1,2) when the F(1,1)
mode encounters a crack with depths d = 0.5r (—), d = 1.0r ( ) and d = 1.5r ( ).
Fig. 13. Description of an oblique free-end cylinder (a) and an oblique crack (b).
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Fig. 14. Power reﬂection coefﬁcients of the compressional mode L(0,1) when it
encounters a free-end cylinder of angle 0 (—), 10 ( ) and 20 ( ).
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sion of both ﬂexural modes around this frequency (the F(1,2) mode
is located near a maximum of energy velocity) and the slower
velocity of the F(1,2) mode, ﬂexural polarized waves in this fre-
quency region could provide valuable information to experimental
crack detection.
Though results are not shown here, signiﬁcant mode conver-
sions to the reﬂected F(2,2) mode and to the transmitted F(2,1)
are also found. The reﬂected mode F(1,3) is only sensitive to the
case of d = 1.5r. The other converted ﬂexural modes are not sensi-
tive to these crack depths (less than 0.06).
For these computations, the maximum error on the power bal-
ance is less than 0.13%.0.5 1 1.5 2 2.5 3
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Fig. 15. Power reﬂection (a) and transmission (b) coefﬁcients of the compressional
mode L(0,1) when it encounters a d = 1.0r crack depth of angle 0 (—), 10 ( )
and 20 ( ).4. Application to oblique free-ends and cracks
In order to highlight the potential of the hybrid 3D FE-SAFE
method, this section is devoted to the study of the fundamental
L(0,1) mode interaction with oblique discontinuities. The sensitiv-
ity of this mode to different inclination angles is illustrated.
Fig. 13(a) sketches an oblique free-end cylinder of angle / with
respect to the vertical plane. The inclined crack is shown in
Fig. 13(b). The range of the dimensionless frequency X is chosen
to vary between 0 and 3 as in the previous subsections (see e.g.
Section 3.3.1). The material characteristics and cylinder radius
are the same as those in Section 3.1.Fig. 14 shows the power reﬂection coefﬁcients (R) when the
L(0,1) mode encounters free-ends with an inclination angle / of
0, 10 and 20. As observed in this ﬁgure, R is sensitive to the
free-end inclination. For oblique free-ends, R starts to decrease
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Fig. 16. Power reﬂection coefﬁcients of the ﬂexural mode F(1,1) when the L(0,1)
mode encounters a d = 1.0r crack depth of angle 0 (—), 10 ( ) and 20 ( ).
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not occur for the vertical free-end cylinder (/ = 0). This is ex-
plained by mode conversions to ﬂexural modes due to the non-axi-
symmetry of oblique free-ends. In this ﬁgure, it is observed that R
decreases as / increases in the frequency range X < 1.9.
The maximum error on the power balance computations is less
than 0.38%.
Fig. 15(a) and (b) depict the power reﬂection (R) and transmis-
sion (T) coefﬁcients when the L(0,1) mode encounters cracks of
depth d = 1.0r. One vertical crack (/ = 0) and two oblique cracks
(/ = 10 and 20) are studied. It can be observed that the maximum
difference is located around frequencies X = 1.0 and 2.7. In the low
frequency range (X < 0.8), L(0,1) has a low sensitivity to crack
inclination.
Fig. 16 represents the power reﬂection coefﬁcients (R) of the
converted F(1,1) mode from the incident L(0,1) mode. A signiﬁcant
mode conversion to the F(1,1) mode is observed for the three incli-
nation angles. The reﬂection coefﬁcients are very close to each
other for / = 10 and 20. However, it can be noticed that a stron-
ger mode conversion occurs for / = 10 and 20 around the fre-
quency X = 1.0.
A maximum error of 0.14% on the power balance is found for
these computations.
From a NDT point of view, it could be concluded that a good
sensitivity of the L(0,1) mode to the considered inclination angles
is observed when it interacts with free-ends (full cracks). However,
this sensitivity is poor for oblique cracks whose depth is lower than
the cylinder radius except at particular frequencies.5. Conclusion
In this paper, a 3D hybrid numerical method has been devel-
oped for the investigation of wave scattering in elastic waveguides.
This method combines the classical FE method and the so-called
SAFE technique. It has the main advantage of being able to handle
complex-shape inhomogeneities and waveguides of arbitrary
cross-sections. Moreover, it gives a formula that renders straight-
forward the calculation of eigenforces and modal power ﬂows.
The validation of the hybrid 3D method has been established for
the case of a free-end cylinder by comparing results with those
of the literature. Then, the analysis of the scattering of the funda-
mental longitudinal, torsional and ﬂexural modes in circular
cylinders with non-axisymmetric vertical cracks of different
depths has been carried out. Cylinders with oblique free-endsand oblique cracks with different inclination angles have also been
considered. The interactions of the L(0,1) mode with these discon-
tinuities have been brieﬂy studied. As pointed out throughout the
analysis, the proposed method is likely to provide valuable infor-
mation to further improve experimental investigation on cracks
detection and characterisation. It has to be emphasised that the
method is quite versatile and that complex-shaped damages can
be readily handled.Acknowledgements
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